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Abstract
We give a basis of Nichols braided Lie algebras L(V ) while B(V ) is Nichols
algebra of diagonal type with dimV = n ≥ 2 and the generalized Dynkin diagram
of V with pii 6= 1 for all 1 ≤ i ≤ n. Furthermore, we obtain the dimensions of Nichols
braided Lie algebras L(V ) if V is a connected finite Cartan type with Cartan matrix
(aij)n×n.
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1 Introduction
The question of finite-dimensionality of Nichols algebras dominates an important part of
the recent developments in the theory of (pointed) Hopf algebras(see e.g. [AHS08, AS10,
He05, He06a, He06b, WZZ15a, WZZ15b]. The interest in this problem comes from the
lifting method by Andruskiewitsch and Schneider to classify finite dimensional (Gelfand-
Kirillov) pointed Hopf algebras, which are generalizations of quantized enveloping algebras
of semi-simple Lie algebras.
The classification of arithmetic root systems is obtained in [He05] and [He06a]. It is
proved in [WZZ15b] that Nichols algebra B(V ) is finite-dimensional if and only if Nichols
braided Lie algebra L(V ) is finite-dimensional.
In this paper we focus on the Nichols algebra which are finite dimension. Such finite-
dimensional Nichols algebras play a fundamental role in various subjects such as pointed
Hopf algebras and logarithmic quantum field theories.
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Here are the main results of this paper. We give a basis of Nichols braided Lie algebras
L(V ) while B(V ) is Nichols algebra of diagonal type with dimV = n ≥ 2 and the
generalized Dynkin diagram of V with pii 6= 1 for all 1 ≤ i ≤ n. Furthermore, we obtain
the dimensions of Nichols braided Lie algebras L(V ) if V is a connected finite Cartan
type with Cartan matrix (aij)n×n.
2 Preliminaries
Let B(V ) be the Nichols algebra generated by vector space V . Throughout this paper
braided vector space V is of diagonal type with basis x1, x2, · · · , xn and C(xi ⊗ xj) =
pijxj ⊗ xi, n > 1 without special announcement. Define linear map p from B(V )⊗B(V )
to F such that p(u⊗ v) = χ(deg(u), deg(v)), for any homogeneous element u, v ∈ B(V ).
For convenience, p(u⊗ v) is denoted by puv.
Denote ord(puu) the order of puu with respect to multiplication. Let |u| denote
length of homogeneous element u ∈ B(V ). Let D =: {[u] | [u] is a hard super-letter },
∆+(B(V )) := {deg(u) | [u] ∈ D}, ∆(B(V )) := ∆+(B(V )) ∪ ∆−(B(V )), which is called
the root system of V. If ∆(B(V )) is finite, then it is called an arithmetic root system.
Let L(V ) denote the braided Lie algebras generated by V in B(V ) under Lie operations
[x, y] = yx − pyxxy, for any homogeneous elements x, y ∈ B(V ). (L(V ), [ ]) is called
Nichols braided Lie algebra of V . The other notations are the same as in [WZZ15a].
Recall the dual B(V ∗) of Nichols algebra B(V ) of rank n in [He05, Section 1.3]. Let
yi be a dual basis of xi. δ(yi) = g
−1
i ⊗ yi, gi · yj = p
−1
ij yj and ∆(yi) = g
−1
i ⊗ yi + yi ⊗ 1.
There exists a bilinear map < ·, · >: (B(V ∗)#FG)×B(V ) −→ B(V ) such that
< yi, uv >=< yi, u > v + g
−1
i .u < yi, v > and < yi, < yj, u >>=< yiyj, u >
for any u, v ∈ B(V ). Furthermore, for any u ∈ ⊕∞i=1B(V )(i), one has that u = 0 if and
only if < yi, u >= 0 for any 1 ≤ i ≤ n.
We have the braided Jacobi identity as follows:
[[u, v], w] = [u, [v, w]] + p−1vw[[u, w], v] + (pwv − p
−1
vw)v · [u, w]. (1)
[u, v · w] = pwu[uv] · w + v · [uw]. (2)
Throughout, Z =: {x | x is an integer}. R =: {x | x is a real number}. N0 =: {x | x ∈
Z, x ≥ 0}. N =: {x | x ∈ Z, x > 0}. F denotes the base field, which is an algebraic closed
field with characteristic zero. F ∗ = F\{0}. Sn denotes symmetric group, n ∈ N. For any
set X , | X | is the cardinal of X . int(a) means the biggest integer not greater than a ∈ R.
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3 Main results
For any homogeneous element u ∈ B(V ), we denote d(u) by the subset of {x1, x2, · · · , xn}
which generates u. We say that d(u) is connected if for all i, j ∈ d(u) there exists s ∈ N and
a sequence {i = i0, i1, · · · , is = j} of elements of d(u) such that pij satisfy the conditions
pil,il+1pil+1,il 6= 1 for all l ∈ {0, 1, · · · , s− 1}.
Let hi ∈ {x1, x2, · · · , xn}, ∀i ∈ N. If d(h1 · · ·hm) = {xj1 , · · · , xjt}, 1 ≤ j1 < · · · < jt ≤
n. Set djk(h1 · · ·hm) := {i ∈ {1, · · · , m} | hi = xjk} for all k ∈ {1, . . . , t}. It is clear
t∑
k=1
| djk(h1 · · ·hm) |= m.
Lemma 3.1. If ord(pxjr ,xjr ) >| djr(h1 · · ·hm) | for all r ∈ {1, . . . , m}, then h1 · · ·hm 6= 0.
Proof. We show this by induction on | d(h1 · · ·hm) |= t. If xk ∈ d(h1 · · ·hm), assume that
| dk(h1 · · ·hm) |= l, denote h1 · · ·hk1−1hk1hk1+1 · · ·hk2−1hk2hk2+1 · · ·hkl−1hklhkl+1 · · ·hm
:= u1xku2xk · · ·ulxkul+1 for hki = xk, 1 ≤ i ≤ l. we know if k1 = 1, then u1 = ∅, if
ki = ki−1 + 1, then ui = ∅, if kl = m, then ul+1 = ∅.
If t = 1, we obtain h1 · · ·hm 6= 0 by [He05, Lemma 1.3.3(i)].
If t > 1, we need to prove < ylk, u1xku2xk · · ·ulxkul+1 >
= (1 + p−1kk )(1 + p
−1
kk + p
−2
kk ) · · · (1 + p
−1
kk + · · ·+ p
−l+1
kk )p
−1
k,u1
p−1k,u1u2 · · · p
−1
k,u1u2···ul
u1u2 · · ·ul+1:
we show this by induction on l: If l = 1, < yk, u1xku2 >= p
−1
k,u1
u1u2. If l > 1, then
< yk, u1xku2xk · · ·ul+1xkul+2 >
= p−1k,u1u1u2xk · · ·ul+1xkul+2 + p
−1
kk p
−1
k,u1u2
u1xku2u3 · · ·ul+1xkul+2 + · · ·
+p−lkkp
−1
k,u1u2···ul+1
u1xku2xk · · ·xkul+1ul+2.
< yl+1k , u1xku2xk · · ·ul+1xkul+2 >=< y
l
k, < yk, u1xku2xk · · ·ul+1xkul+2 >>
= p−1k,u1(1 + p
−1
kk ) · · · (1 + p
−1
kk + · · ·+ p
−l+1
kk )p
−1
k,u1u2
p−1k,u1u2u3 · · · p
−1
k,u1u2u3···ul+1
u1u2 · · ·ul+2
+p−1kk p
−1
k,u1u2
(1 + p−1kk ) · · · (1 + p
−1
kk + · · ·+ p
−l+1
kk )p
−1
k,u1
p−1k,u1u2u3 · · · p
−1
k,u1u2u3···ul+1
u1u2 · · ·ul+2
+· · ·
+p−lkkp
−1
k,u1u2···ul+1
(1 + p−1kk ) · · · (1 + p
−1
kk + · · ·+ p
−l+1
kk )p
−1
k,u1
p−1k,u1u2 · · · p
−1
k,u1u2···ul
u1u2 · · ·ul+2
= (1+p−1kk ) · · · (1+p
−1
kk + · · ·+p
−l+1
kk )(1+p
−1
kk + · · ·+p
−l
kk)p
−1
k,u1
· · ·p−1k,u1u2u3···ul+1u1u2 · · ·ul+2.
We know | d(u1u2 · · ·ul+1) |= t − 1, then u1u2 · · ·ul+1 6= 0 by induction hypotheses,
(1+p−1kk )(1+p
−1
kk +p
−2
kk ) · · · (1+p
−1
kk +· · ·+p
−l+1
kk ) 6= 0 since ord(pxk,xk) >| dk(h1 · · ·hm) |= l.
Hence u1xku2xk · · ·ulxkul+1 6= 0, completing the proof. ✷
Lemma 3.2. Assumed that u, v, w are homogeneous elements in L(V ). Let a, b, c, d, e, f
denote 1−pwvpvw, 1−puwpwu, 1−puvpvu, 1−puvpvupuwpwu, 1−puvpvupwvpvw, 1−pwvpvwpuwpwu,
respectively. If R = {r|r ∈ {uv, uw, vw} and r ∈ L(V )}, T = {t|t ∈ {a, b, c} and t 6= 0},
then (i) uvw, uwv, vwu, vuw, wuv, wvu ∈ L(V ) when |R| ≥ 2 and |T | 6= 0. (ii) ([WZZ15b,
Lem.3.1]) uvw, uwv, vwu, vuw, wuv, wvu ∈ L(V ) when |T | ≥ 2.
Proof. (i) Assumed that |R| ≥ 2 and |T | 6= 0. Without loss of generality, we let uv, uw ∈
L(V ). If vuw /∈ L(V ), then e = 0, f = 0 by [WZZ15b, Lemma 3.2(i)] and [WZZ15a,
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Lemma 4.12]. If a = 0, then b = 0, c = 0. this is a contradiction to |T | 6= 0; If a 6= 0,
then b 6= 0, c 6= 0. Thus one obtains a contradiction to [WZZ15b, Lemma 3.1]. Then
we know vuw ∈ L(V ), similarly, wuv ∈ L(V ). And we find wvu, uwv ∈ L(V ) and
vwu, uvw ∈ L(V ) by [WZZ15b, Lemma 3.2(i)], respectively. ✷
Let b(h1h2 · · ·hm) denote a set contain all nonassociative word (see [WZZ15a, Sec-
tion 2]) with brackets [, ] on h1, h2, · · · , hm, for example, b(h1h2h3) = {[[h1, h2], h3],
[[h1, h3], h2], [[h2, h1], h3], [[h2, h3], h1], [[h3, h2], h1], [[h3, h1], h2], [h1, [h2, h3]], [h1, [h3, h2]],
[h2, [h1, h3]], [h2, [h3, h1]], [h3, [h2, h1]], [h3, [h1, h2]]}. For i1, · · · , ir are pairwise different in-
tegers, denote Ti1,...,ir the set which change all the subscript 1, 2, . . . , r of the elements of
Sr to (i1, . . . , ir), for example, T2,4,7 = {(2) = (4) = (7) = id, (24), (27), (47), (247), (274)}.
It is clear |Ti1,...,ir | = |Sr| and T1,...,r = Sr.
Assumed that u, v are homogeneous elements in B(V ). u, v is called generalized
commutative if ∃p ∈ F ∗ such that uv = pvu.
Remark 3.3. hi, hj is generalized commutative if phi,hjphj ,hi = 1: hihj = phi,hjhjhi, phi,hj ∈
F ∗.
Lemma 3.4. (i) If d(h1h2 · · ·hm) is not connected, then b(h1h2 · · ·hm) = 0.
(ii) If h1h2 · · ·hm 6= 0 and d(h1h2 · · ·hm) is not connected, then h1h2 · · ·hm /∈ L(V ).
(iii) If d(h1h2 · · ·hm) is not connected, then h1h2 · · ·hm 6= 0 if and only if h1h2 · · ·hm /∈
L(V ).
Proof. (i) We show this by induction on |h1h2 · · ·hm|. ∀w ∈ b(h1h2 · · ·hm), then ∃u ∈
b(hτ(1)hτ(2) · · ·hτ(k)), v ∈ b(hτ(k+1)hτ(k+2) · · ·hτ(m)), τ ∈ Sm, k ∈ {1, . . . , m} such that w =
[u, v]. If d(u) or d(v) is not connected, then u = 0 or v = 0 by induction hypotheses,
so w = 0. If d(u) and d(v) are connected, we know phi,hjphj ,hi = 1 for any hi ∈ d(u),
hj ∈ d(v) since d(h1h2 · · ·hm) is not connected.
(1) For ∀hj ∈ d(v), if pτ(l),jpj,τ(l) = 1 for l ∈ {1, . . . , k}, then [u, hj] = 0. We
show this by induction on |u|. If k = 1, it is clear. If k > 1, we set u = [u1, u2],
[[u1, u2], hj ] = [u1, [u2, hj ]] + p
−1
u2hj
[[u1, hj], u2] + (phju2 − p
−1
u2hj
)u2 · [u1, hj] = 0 by (1) and
induction hypotheses.
(2) If pτ(l),τ(t)pτ(t),τ(l) = 1 for l ∈ {1, . . . , k}, t ∈ {k+1, . . . , m}, then [u, hτ(k+1) · · ·hτ(m) ] =
hτ(k+1) · [u, hτ(k+2) · · ·hτ(m) ] = · · · = hτ(k+1) · · ·hτ(m−1) · [u, hτ(m) ] = 0 by (2).
(3) We know v =
∑
i
kihτiτ(k+1) · · ·hτiτ(m) for some ki ∈ F
∗, τi ∈ Tτ(k+1),...,τ(m), then
[u, v] = [u,
∑
i
kihτiτ(k+1) · · ·hτiτ(m)] =
∑
i
ki[u, hτiτ(k+1) · · ·hτiτ(m)] = 0.
(ii) and (iii) are clear by (i). ✷
Corollary 3.5. If u and v are homogeneous elements in B(V ), d(u)∩d(v) = ∅, pijpji = 1
for any xi ∈ d(u), xj ∈ d(v), then the following conditions are equivalent: (i) u 6= 0, v 6= 0.
(ii) uv 6= 0. (iii) uv /∈ L(V ).
4
Proof. We know (ii)⇐⇒ (iii) by Lemma 3.4. (ii)=⇒ (i) is clear. (ii)⇐= (i): assume
| u |= k, then ∃yi1, . . . , yik ∈ d(u) such that < yi1 · · · yik , u >∈ F
∗, then < yi1 · · · yik , uv >
=< yi1 · · · yik , u > v 6= 0. ✷
Now we assumed that pii 6= 1 for all i ∈ {1, . . . , n}.
Proposition 3.6. (i) If h1 · · ·hm−1 ∈ L(V ) and phk,hmphm,hk 6= 1 for some k ∈ {1, . . . , m−
1} or h2 · · ·hm ∈ L(V ) and phl,h1ph1,hl 6= 1 for some l ∈ {2, . . . , m}, then h1 · · ·hb and
hb+1 · · ·hm ∈ L(V ) for some b ∈ {1, . . . , m} and pha,hcphc,ha 6= 1 for some a ∈ {1, . . . , b},
c ∈ {b+ 1, . . . , m}.
(ii) Assumed that h1 · · ·hb 6= 0 or hb+1 · · ·hm 6= 0 for some b ∈ {1, . . . , m}. If
h1 · · ·hb, hb+1 · · ·hm ∈ L(V ) and pha,hcphc,ha 6= 1 for some a ∈ {1, . . . , b}, c ∈ {b +
1, . . . , m}, then there exist τ ∈ T1,...,m, p ∈ F
∗ such that h1 · · ·hm = phτ(1) · · ·hτ(m) with
hτ(1) · · ·hτ(m−1) ∈ L(V ), phτ(k),hτ(m)phτ(m),hτ(k) 6= 1 for some k ∈ {1, . . . , m − 1} or with
hτ(2) · · ·hτ(m) ∈ L(V ), phτ(l),hτ(1)phτ(1),hτ(l) 6= 1 for some l ∈ {2, . . . , m}.
(iii) If h1 · · ·hm−1 ∈ L(V ) and phk,hmphm,hk 6= 1 for some k ∈ {1, . . . , m − 1} or
h2 · · ·hm ∈ L(V ) and phl,h1ph1,hl 6= 1 for some l ∈ {2, . . . , m}, then h1 · · ·hm ∈ L(V ).
(iv) Assumed that h1 · · ·hm 6= 0. If h1 · · ·hm ∈ L(V ), then there exist τ ∈ T1,...,m, p ∈
F ∗ such that h1 · · ·hm = phτ(1) · · ·hτ(m) with 0 6= hτ(1) · · ·hτ(m−1) ∈ L(V ), phτ(k),hτ(m)phτ(m),hτ(k)
6= 1 for some k ∈ {1, . . . , m−1} or with 0 6= hτ(2) · · ·hτ(m) ∈ L(V ), phτ(l),hτ(1)phτ(1),hτ(l) 6= 1
for some l ∈ {2, . . . , m}.
Proof. (i) Let a = k, b = m− 1, c = m or a = 1, b = 1, c = l.
We show (ii), (iii) and (iv) by induction on the length of |h1h2 · · ·hm| = m.
Assume m = 2. (ii) is clear. If h1 6= h2, then (iii),(iv) follows from [WZZ15a, Lemma
4.12],[WZZ15a, Lemma 5.2], respectively. If h1 = h2, then (iii),(iv) follows from [WZZ15a,
Lemma 4.3] , [He05, Lemma 1.3.3(i)], respectively.
Now let m > 2.
(ii) If b = m − 1, let τ = id, k = a, p = 1; if b = 1, let τ = id, l = c, p = 1. Now
assumed that 1 < b < m− 1. We denote p˜u,v := pu,vpv,u for ∀u, v ∈ B(V ).
(1) Assumed that h1 · · ·hb 6= 0, we proceed by induction over b.
We know there exist τ ∈ T1,...,b, p1 ∈ F
∗ such that h1 · · ·hb = p1hτ(1) · · ·hτ(b) with (a)
0 6= hτ(1) · · ·hτ(b−1) ∈ L(V ), phτ(k1),hτ(b)phτ(b),hτ(k1) 6= 1 for some k1 ∈ {1, . . . , b − 1} or
with (b) 0 6= hτ(2) · · ·hτ(b) ∈ L(V ), phτ(l1),hτ(1)phτ(1),hτ(l1) 6= 1 for some l1 ∈ {2, . . . , b} by
hτ(1) · · ·hτ(b) ∈ L(V ) and induction hypotheses of (iv).
(a)1. If there exists j1 ∈ {b+1, . . . , m} such that p˜hτ(b),hj1 6= 1, then hτ(b)hb+1 · · ·hm ∈
L(V ) by induction hypotheses of (iii), and p˜hτ(k1),hτ(b) 6= 1 for k1 ∈ {1, . . . , b − 1}. It is
proved since |hτ(1) · · ·hτ(b−1)| = b− 1 < b and induction hypotheses.
(a)2. If all j1 ∈ {b + 1, . . . , m} such that p˜hτ(b),hj1 = 1, then hτ(b)hb+1 · · ·hm =
p2hb+1 · · ·hmhτ(b) for some p2 ∈ F
∗ by Remark 3.3. On the other hand, we know p˜hτ(k1),hc 6=
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1 for some k1 ∈ {1, . . . , b − 1} by p˜ha,hc 6= 1 , then hτ1τ(1) · · ·hτ1τ(b−1)hτ1(b+1) · · ·hτ1(m) ∈
L(V ), hτ(1) · · ·hτ(b−1)hb+1 · · ·hm = p3hτ1τ(1) · · ·hτ1τ(b−1)hτ1(b+1) · · ·hτ1(m) for some τ1 ∈
Tτ(1),...,τ(b−1),b+1,...,m, p3 ∈ F
∗ by the induction hypotheses of (ii) and (iii). We know there
exists k2 ∈ {τ(1), . . . , τ(b−1), b+1, . . . , m} such that p˜hτ(b),hτ1(k2) 6= 1 since p˜hτ(b),hτ(k1) 6= 1.
We obtain h1 · · ·hm = p1hτ(1) · · ·hτ(b)hb+1 · · ·hm = p1p2hτ(1) · · ·hτ(b−1)hb+1 · · ·hmhτ(b)
= p1p2p3hτ1τ(1) · · ·hτ1τ(b−1)hτ1(b+1) · · ·hτ1(m)hτ(b)
= p1p2p3hτ1τ(1) · · ·hτ1τ(b−1)hτ1τ(b+1) · · ·hτ1τ(m)hτ1τ(b) by hτ1(b+1) · · ·hτ1(m) = hτ1τ(b+1) · · ·hτ1τ(m)
since τ ∈ T1,2,...,b and hτ1τ(b) = hτ(b) since τ1 ∈ Tτ(1),τ(2),...,τ(b−1),b+1,...,m. Set
τ ′ =
(
1 · · · b − 1 b · · · m − 1 m
τ1τ(1) · · · τ1τ(b− 1) τ1τ(b+ 1) · · · τ1τ(m) τ1τ(b)
)
, then we obtain hτ ′(1) · · ·hτ ′(m−1) ∈
L(V ), p˜hτ ′(k),hτ ′(m) 6= 1 and h1 · · ·hm = p1p2p3hτ ′(1) · · ·hτ ′(m) for some τ
′ ∈ T1,...,m, k ∈
{1, . . . , m− 1}, p1p2p3 ∈ F
∗.
(b)1. If there exists j1 ∈ {2, . . . , b}, j2 ∈ {b + 1, . . . , m} such that p˜hτ(j1),hj2 6= 1, then
hτ1τ(2) · · ·hτ1τ(b)hτ1(b+1) · · ·hτ1(m) ∈ L(V ), and hτ(2) · · ·hτ(b)hb+1 · · ·hm
= p4hτ1τ(2) · · ·hτ1τ(b)hτ1(b+1) · · ·hτ1(m) for some τ1 ∈ Tτ(2),...,τ(b),b+1,...,m, p4 ∈ F
∗ by the in-
duction hypotheses of (ii) and (iii). We know there exists l2 ∈ {τ(2), . . . , τ(b), b+1, . . . , m}
such that p˜hτ(1),hτ1(l2) 6= 1 since p˜hτ(1),hτ(l1) 6= 1. We obtain h1 · · ·hm
= p1hτ(1) · · ·hτ(b)hb+1 · · ·hm = p1p4hτ(1)hτ1τ(2) · · ·hτ1τ(b)hτ1(b+1) · · ·hτ1(m)
= p1p4hτ1τ(1)hτ1τ(2) · · ·hτ1τ(b)hτ1τ(b+1) · · ·hτ1τ(m) by hτ1(b+1) · · ·hτ1(m) = hτ1τ(b+1) · · ·hτ1τ(m)
since τ ∈ T1,...,b and hτ1τ(1) = hτ(1) since τ1 ∈ Tτ(2),...,τ(b),b+1,...,m. Set τ
′ = τ1τ , then we
obtain hτ ′(2) · · ·hτ ′(m) ∈ L(V ), p˜hτ ′(l),hτ ′(1) 6= 1 and h1 · · ·hm = p1p4hτ ′(1) · · ·hτ ′(m) for some
τ ′ ∈ T1,...,m, l ∈ {2, . . . , m}, p1p4 ∈ F
∗.
(b)2. If all j1 ∈ {2, . . . , b}, l2 ∈ {b+ 1, . . . , m} such that p˜hτ(j1),hj2 = 1, then
hτ(2) · · ·hτ(b)hb+1 · · ·hm = p5hb+1 · · ·hmhτ(2) · · ·hτ(b) for some p5 ∈ F
∗ by Remark 3.3.
On the other hand, we know p˜hτ(1),hc 6= 1 by p˜ha,hc 6= 1, then hτ(1)hb+1 · · ·hm ∈ L(V )
by induction hypotheses of (iii). We know h1 · · ·hm = p1hτ(1) · · ·hτ(b)hb+1 · · ·hm =
p1p5hτ(1)hb+1 · · ·hmhτ(2) · · ·hτ(b) and p˜hτ(l1),hτ(1) 6= 1. It is proved since |hτ(2) · · ·hτ(b)| =
b− 1 < b and induction hypotheses.
(2) Assumed that hb+1hb+2 · · ·hm 6= 0, we proceed by induction over m− b.
We know there exist τ ∈ Tb+1,...,m, p6 ∈ F
∗ such that hb+1 · · ·hm = p6hτ(b+1) · · ·hτ(m)
with (c) 0 6= hτ(b+1) · · ·hτ(m−1) ∈ L(V ), phτ(k1),hτ(m)phτ(m),hτ(k1) 6= 1 for some k1 ∈ {b +
1, . . . , m − 1} or with (d) 0 6= hτ(b+2) · · ·hτ(m) ∈ L(V ), phτ(l1),hτ(b+1)phτ(b+1),hτ(l1) 6= 1 for
some l1 ∈ {b+ 2, . . . , m} by hτ(b+1) · · ·hτ(m) ∈ L(V ) and induction hypotheses of (iv).
(c)1. If there exists j1 ∈ {b+1, . . . , m−1}, j2 ∈ {1, . . . , b} such that p˜hτ(j1),hj2 6= 1, then
hτ1(1) · · ·hτ1(b)hτ1τ(b+1) · · ·hτ1τ(m−1) ∈ L(V ), and h1 · · ·hbhτ(b+1) · · ·hτ(m−1) = p7hτ1(1) · · ·hτ1(b)
hτ1τ(b+1) · · ·hτ1τ(m−1) for some τ1 ∈ T1,...,b,τ(b+1),...,τ(m−1), p7 ∈ F
∗ by the induction hypothe-
ses of (ii) and (iii). We know there exists k2 ∈ {1, . . . , b, τ(b+1), . . . , τ(m− 1)} such that
p˜hτ(m),hτ1(k2) 6= 1 since p˜hτ(m),hτ(k1) 6= 1. We obtain h1 · · ·hm
= p6h1 · · ·hbhτ(b+1) · · ·hτ(m−1)hτ(m) = p6p7hτ1(1) · · ·hτ1(b)hτ1τ(b+1) · · ·hτ1τ(m−1)hτ(m)
6
= p6p7hτ1τ(1) · · ·hτ1τ(b)hτ1τ(b+1) · · ·hτ1τ(m−1)hτ1τ(m) by hτ1(1) · · ·hτ1(b) = hτ1τ(1) · · ·hτ1τ(b) since
τ ∈ Tb+1,b+2,...,m and hτ1τ(m) = hτ(m) since τ1 ∈ T1,2,...,b,τ(b+1),τ(b+2),...,τ(m−1). Set τ
′ = τ1τ ,
then we obtain hτ ′(1) · · ·hτ ′(m−1) ∈ L(V ), p˜hτ ′(k),hτ ′(m) 6= 1 and h1 · · ·hm = p6p7hτ ′(1) · · ·hτ ′(m)
for some τ ′ ∈ T1,...,m, k ∈ {1, . . . , m− 1}, p6p7 ∈ F
∗.
(c)2. If all j1 ∈ {b + 1, . . . , m − 1}, j2 ∈ {1, . . . , b} such that p˜hτ(j1),hj2 = 1, then
h1 · · ·hbhτ(b+1) · · ·hτ(m−1) = p8hτ(b+1) · · ·hτ(m−1)h1 · · ·hb for some p8 ∈ F
∗ by Remark
3.3. On the other hand, we know p˜hτ(m),ha 6= 1 by p˜ha,hc 6= 1, then h1 · · ·hbhτ(m) ∈
L(V ) by induction hypotheses of (iii). We know h1 · · ·hm = p6h1 · · ·hbhτ(b+1) · · ·hτ(m) =
p6p8hτ(b+1) · · ·hτ(m−1)h1 · · ·hbhτ(m) and p˜hτ(k1),hτ(m) 6= 1. Then |hτ(b+1)hτ(b+2) · · ·hτ(m−1)| =
m− b− 1 < m− b and induction hypotheses give the proof.
(d)1. If there exists j1 ∈ {1, . . . , b} such that p˜hτ(b+1),hj1 6= 1, then h1 · · ·hbhτ(b+1) ∈
L(V ) by induction hypotheses of (iii), and p˜hτ(l1),hτ(b+1) 6= 1 for l1 ∈ {b + 2, . . . , m}. It is
proved since |hτ(b+2) · · ·hτ(m)| = m− b− 1 < m− b and induction hypotheses.
(d)2. If all j1 ∈ {1, . . . , b} such that p˜hτ(b+1),hj1 = 1, then we have h1 · · ·hbhτ(b+1) =
p9hτ(b+1)h1 · · ·hb for some p9 ∈ F
∗ by Remark 3.3. On the other hand, we know p˜hτ(l1),ha 6=
1 for some l1 ∈ {b+2, . . . , m} by p˜ha,hc 6= 1 , then hτ1(1) · · ·hτ1(b)hτ1τ(b+2) · · ·hτ1τ(m) ∈ L(V ),
h1 · · ·hbhτ(b+2) · · ·hτ(m) = p10hτ1(1) · · ·hτ1(b)hτ1τ(b+2) · · ·hτ1τ(m) for some τ1 ∈ T1,...,b,τ(b+2),...,τ(m),
p10 ∈ F
∗ by the induction hypotheses of (ii) and (iii). We know there exists l2 ∈
{1, . . . , b, τ(b + 2), . . . , τ(m)} such that p˜hτ(b+1),hτ1(l2) 6= 1 since p˜hτ(b+1),hτ(l1) 6= 1. We
obtain h1 · · ·hm = p6h1 · · ·hbhτ(b+1) · · ·hτ(m) = p6p9hτ(b+1)h1 · · ·hbhτ(b+2) · · ·hτ(m)
= p6p9p10hτ(b+1)hτ1(1) · · ·hτ1(b)hτ1τ(b+2) · · ·hτ1τ(m)
= p6p9p10hτ1τ(b+1)hτ1τ(1)hτ1τ(b)hτ1τ(b+2) · · ·hτ1τ(m) by hτ1(1) · · ·hτ1(b) = hτ1τ(1) · · ·hτ1τ(b) since
τ ∈ Tb+1,...,m and hτ1τ(b+1) = hτ(b+1) since τ1 ∈ T1,...,b,τ(b+2),...,τ(m). Set
τ ′ =
(
1 2 · · · b+ 1 b+ 2 · · · m
τ1τ(b+ 1) τ1τ(1) · · · τ1τ(b) τ1τ(b+ 2) · · · τ1τ(m)
)
, then we obtain hτ ′(2) · · ·hτ ′(m) ∈ L(V ),
p˜hτ ′(l),hτ ′(1) 6= 1 and h1 · · ·hm = p6p9p10hτ ′(1) · · ·hτ ′(m) for some τ
′ ∈ T1,...,m, l ∈ {2, . . . , m},
p6p9p10 ∈ F
∗.
(iii) Assumed that h1h2 · · ·hm /∈ L(V ). For convenience, set τ
0 = τ0 = id, τk ∈
Tτk−1(1),...,τk−1(m−k) or Tτk−1(2),...,τk−1(m−k+1) or · · · or Tτk−1(k+1),...,τk−1(m), τ
k = τkτk−1 · · · τ1
for k ≥ 1. We need to prove Assertion(j− i) holds for all j− i ∈ {0, . . . , m−3}. Denote
Aij = {1, . . . , m} − {τ
m−j+i−2(i), . . . , τm−j+i−2(j)} for all i ≤ j ∈ {1, . . . , m}
Assertion(j− i) : 0 6= hτm−j+i−2(i) · · ·hτm−j+i−2(j) ∈ L(V ), p˜hr ,ht = 1 for ∀r 6= t ∈ Aij .
p˜h
τm−j+i−2(k)
,hr 6= 1, and p˜hτm−j+i−2(i)···hτm−j+i−2(j),hr = 1 for some k ∈ {i, . . . , j}, all r ∈ Aij .
h1 · · ·hm = p1 · · · pm−j+i−2hτm−j+i−2(1) · · ·hτm−j+i−2(m) for some p1, . . . , pm−j+i−2 ∈ F
∗.
We prove this by induction on j − i.
Step 1. Assertion(m− 3) holds:
If h1 · · ·hm−1 ∈ L(V ), then p˜h1···hm−1,hm = 1 by [WZZ15a, Lemma 4.12]. If h1 · · ·hm−1 =
0, this is a contradiction to h1h2 · · ·hm /∈ L(V ), then h1h2 · · ·hm−1 6= 0. We know
there exist τ1 ∈ T1,...,m−1, p1 ∈ F
∗ such that h1 · · ·hm−1 = p1hτ1(1) · · ·hτ1(m−1) with (a)
0 6= hτ1(1) · · ·hτ1(m−2) ∈ L(V ), p˜hτ1(k),hτ1(m−1) 6= 1 for some k ∈ {1, . . . , m− 2} or with (b)
0 6= hτ1(2) · · ·hτ1(m−1) ∈ L(V ), p˜hτ1(l),hτ1(1) 6= 1 for some l ∈ {2, . . . , m − 1} by induction
hypotheses of (iv). We know hτ1(m) = hm.
(a) If p˜hτ1(m−1),hm 6= 1, then p˜hτ1(1)···hτ1(m−2),hm 6= 1 since p˜h1···hm−1,hm = 1. We obtain
hτ1(1) · · ·hτ1(m−2)hτ1(m−1)hm ∈ L(V ) by Lemma 3.2(iii). It is a contradiction to
p1hτ1(1) · · ·hτ1(m−1)hm = h1 · · ·hm /∈ L(V ). Then p˜hτ1(m−1),hm = 1 and p˜hτ1(1)···hτ1(m−2),hm =
1. We obtain p˜hτ1(k1),hm 6= 1 for some k1 ∈ {1, . . . , m − 2} since p˜hk,hm 6= 1. Then
hτ1(1) · · ·hτ1(m−2)hm ∈ L(V ) by induction hypotheses. pp1hτ1(1) · · ·hτ1(m−2)hmhτ1(m−1)
= p1hτ1(1) · · ·hτ1(m−2)hτ1(m−1)hm = h1 · · ·hm for some p ∈ F
∗ by Remark 3.3, then
p˜hτ1(m−1),hτ1(1)···hτ1(m−2)hm = 1 by [WZZ15a, Lemma 4.12], we obtain p˜hτ1(m−1),hτ1(1)···hτ1(m−2) =
1.
(b) If p˜hτ1(1),hm 6= 1, then p˜hτ1(2)···hτ1(m−1),hm 6= 1 since p˜h1···hm−1,hm = 1. We obtain
hτ1(1) · · ·hτ1(m−2)hτ1(m−1)hm ∈ L(V ) by Lemma 3.2(iii). It is a contradiction to
p1hτ1(1) · · ·hτ1(m−1)hm = h1 · · ·hm /∈ L(V ). Then p˜hτ1(1),hm = 1 and p˜hτ1(2)···hτ1(m−1),hm =
1. We obtain p˜hτ1(k1),hm 6= 1 for some k1 ∈ {2, . . . , m − 1} since p˜hk,hm 6= 1. Then
hτ1(2) · · ·hτ1(m−1)hm ∈ L(V ) by induction hypotheses. p1hτ1(1)hτ1(2) · · ·hτ1(m−1)hm = h1 · · ·hm,
then p˜hτ1(1),hτ1(2)···hτ1(m−1)hm = 1 by [WZZ15a, Lemma 4.12], we obtain p˜hτ1(1),hτ1(2)···hτ1(m−1) =
1.
If h2 · · ·hm ∈ L(V ), then p˜h2···hm,h1 = 1 by [WZZ15a, Lemma 4.12]. If h2 · · ·hm = 0,
this is a contradiction to h1h2 · · ·hm /∈ L(V ), then h2 · · ·hm 6= 0. We know there exist τ1 ∈
T2,...,m, p1 ∈ F
∗ such that h2 · · ·hm = p1hτ1(2) · · ·hτ1(m) with (c) 0 6= hτ1(2) · · ·hτ1(m−1) ∈
L(V ), p˜hτ1(k),hτ1(m) 6= 1 for some k ∈ {2, . . . , m − 1} or with (d) 0 6= hτ1(3) · · ·hτ1(m) ∈
L(V ), p˜hτ1(l),hτ1(2) 6= 1 for some l ∈ {3, . . . , m} by induction hypotheses of (iv). We know
hτ1(1) = h1.
(c) If p˜hτ1(m),h1 6= 1, then p˜hτ1(2)···hτ1(m−1) ,h1 6= 1 since p˜h2···hm,h1 = 1. We obtain
h1hτ1(2) · · ·hτ1(m) ∈ L(V ) by Lemma 3.2(iii). It is a contradiction to p1h1hτ1(2) · · ·hτ1(m) =
h1 · · ·hm /∈ L(V ). Then p˜hτ1(m),h1 = 1 and p˜hτ1(2)···hτ1(m−1),h1 = 1. We obtain p˜hτ1(l1),h1 6= 1
for some l1 ∈ {2, . . . , m− 1} since p˜hl,h1 6= 1. Then h1hτ1(2) · · ·hτ1(m−1) ∈ L(V ) by induc-
tion hypotheses. p1h1hτ1(2) · · ·hτ1(m−1)hτ1(m) = h1 · · ·hm, then p˜hτ1(m),h1hτ1(2)···hτ1(m−1) = 1
by [WZZ15a, Lemma 4.12], we obtain p˜hτ1(m),hτ1(2)···hτ1(m−1) = 1.
(d) If p˜hτ1(2),h1 6= 1, then p˜hτ1(3)···hτ1(m),h1 6= 1 since p˜h2···hm,h1 = 1. We obtain
h1hτ1(2) · · ·hτ1(m) ∈ L(V ) by Lemma 3.2(iii). It is a contradiction to p1h1hτ1(2) · · ·hτ1(m) =
h1 · · ·hm /∈ L(V ). Then p˜hτ1(2),h1 = 1 and p˜hτ1(3)···hτ1(m),h1 = 1. We obtain p˜hτ1(l1),h1 6= 1
for some l1 ∈ {3, . . . , m} since p˜hl,h1 6= 1. Then h1hτ1(3) · · ·hτ1(m) ∈ L(V ) by induction
hypotheses. pp1hτ1(2)h1hτ1(3) · · ·hτ1(m) = p1h1hτ1(2) · · ·hτ1(m) = h1 · · ·hm for some p ∈
F ∗ by Remark 3.3, then p˜hτ1(2),h1hτ1(3)···hτ1(m) = 1 by [WZZ15a, Lemma 4.12], we obtain
p˜hτ1(2),hτ1(3)···hτ1(m) = 1. It is proved.
Step 2. Assumed that Assertion(j− i) hold, we prove Assertion(j− i− 1) holds,
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j − i ≤ m− 3:
We know 0 6= hτm−j+i−2(i) · · ·hτm−j+i−2(j) ∈ L(V ), then there exists
τm−j+i−1 ∈ Th
τm−j+i−2(i)
,...,h
τm−j+i−2(j)
, pm−j+i−1 ∈ F
∗ such that hτm−j+i−2(i) · · ·hτm−j+i−2(j) =
pm−j+i−1hτm−j+i−1(i) · · ·hτm−j+i−1(j) with (1
◦) 0 6= hτm−j+i−1(i) · · ·hτm−j+i−1(j−1) ∈ L(V ),
p˜h
τm−j+i−1(k)
,h
τm−j+i−1(j)
6= 1 for some k ∈ {i, . . . , j − 1} or with (2◦)
0 6= hτm−j+i−1(i+1) · · ·hτm−j+i−1(j) ∈ L(V ), p˜h
τm−j+i−1(l)
,h
τm−j+i−1(i)
6= 1 for some l ∈ {i +
1, . . . , j} by induction hypotheses of (iv). We obtain h1 · · ·hm
= p1 · · · pm−j+i−2pm−j+i−1hτm−j+i−1(1) · · ·hτm−j+i−1(m). For convenience, h
′
k := hτm−j+i−1(k)
for all k ∈ {1, . . . , m}. We know τm−j+i−1(t) = t for all t ∈ Aij by the definition of
τm−j+i−1.
(1◦) If there exists r ∈ Aij such that p˜h′α,hr = 1 for all α ∈ {i, . . . , j−1}, then p˜h′j ,hr 6= 1
by Assertion(j− i), we know p˜h′i···h′j ,hr 6= 1, it is a contradiction to Assertion(j− i).
Thus exists α ∈ {i, . . . , j − 1} such that p˜h′α,hr 6= 1 for all r ∈ Aij, we obtain
h′1 · · ·h
′
i−1h
′
i · · ·h
′
j−1 ∈ L(V ) by induction hypotheses.
Set {r1, · · · , rβ, l1, · · · , lη} = {τ
m−j+i−1(j + 1), . . . , τm−j+i−1(m − 1)} with r1 < · · · <
rβ , l1 < · · · < lη such that p˜h′j ,hrk 6= 1 and p˜h′j ,hlξ = 1 for all k ∈ {1, . . . , β}, all
ξ ∈ {1, . . . , η}. Then h′1 · · ·h
′
j−1h
′
l1
· · ·h′lr ∈ L(V ) for all r ∈ {1, . . . , η} and h
′
jh
′
r1
· · ·h′rt ∈
L(V ) for all t ∈ {1, . . . , β} by induction hypotheses. If p˜h′j ,h′m 6= 1, then p˜h′1···h′j−1h′l1 ···h
′
lη
,h′m
6=
1 and p˜h′jh′r1 ···h
′
rβ
,h′m
6= 1 by Assertion(j− i). Then h′1 · · ·h
′
j−1h
′
l1
· · ·h′lηh
′
jh
′
r1
· · ·h′rβh
′
m ∈
L(V ) by Lemma 3.2(iii), h1 · · ·hm = p1 · · · pm−j+i−1h
′
1 · · ·h
′
m
= p1 · · · pm−j+i−1p
′
1h
′
1 · · ·h
′
j−1h
′
l1
· · ·h′lηh
′
jh
′
r1
· · ·h′rβh
′
m for some p
′
1 ∈ F
∗ by Remark 3.3. It
is a contradiction. We obtain p˜h′
j
,h′m
= 1. We obtain h′1 · · ·h
′
j−1h
′
l1
· · ·h′lηh
′
m ∈ L(V ) by
induction hypotheses. If β ≥ 1, then p˜h′jh′r1 ···h
′
rβ−1
,h′rβ
6= 1 and p˜h′1···h′j−1h′l1 ···h
′
lη
h′m,h
′
rβ
6= 1
by Assertion(j− i). then h′1 · · ·h
′
j−1h
′
l1
· · ·h′lηh
′
mh
′
jh
′
r1
· · ·h′rβ−1h
′
rβ
∈ L(V ) by Lemma
3.2(iii). h1h2 · · ·hm = p1 · · · pm−j+i−1p
′
2h
′
1 · · ·h
′
j−1h
′
l1
· · ·h′lηh
′
mh
′
jh
′
r1
· · ·h′rβ−1h
′
rβ
for some
p′2 ∈ F
∗ by Remark 3.3. It is contradiction. Then β = 0. η = m − j − 1, i.e.
p˜h′j ,h′r = 1 for all r ∈ {j + 1, . . . , m}. So p˜h′i···h′j−1,h′r = 1 for all r ∈ {j + 1, . . . , m} by
Assertion(j− i). Assumed that there exists θ ∈ {1, . . . , i − 1} such that p˜h′
θ
,h′j
6= 1. If
p˜h′j ,h′1···h′θ−1h′θ+1···h′i−1h′i···h′j−1h′j+1···h′m = 1, then p˜h′j ,h′1···h′j−1h′j+1···h′m 6= 1, h
′
1 · · ·h
′
j−1h
′
j+1 · · ·h
′
m ∈
L(V ) is clear by induction hypotheses. then h′1 · · ·h
′
j−1h
′
j+1 · · ·h
′
mh
′
j ∈ L(V ) by [WZZ15a,
Lemma 4.12]. h1h2 · · ·hm = p1 · · · pm−j+i−1p
′
3h
′
1 · · ·h
′
j−1h
′
j+1 · · ·h
′
mh
′
j for some p
′
3 ∈ F
∗ by
Remark 3.3. It is contradiction. If p˜h′j ,h′1···h′θ−1h′θ+1···h′i−1h′i···h′j−1h′j+1···h′m 6= 1,
h′1 · · ·h
′
θ−1h
′
θ+1 · · ·h
′
i−1h
′
i · · ·h
′
j−1h
′
j+1 · · ·h
′
m ∈ L(V ) is clear by induction hypotheses. Then
h′θh
′
1 · · ·h
′
θ−1h
′
θ+1 · · ·h
′
i−1h
′
i · · ·h
′
j−1h
′
j+1 · · ·h
′
mh
′
j ∈ L(V ) by Lemma 3.2(iii). h1h2 · · ·hm =
p1 · · · pm−j+i−1p
′
4h
′
θh
′
1 · · ·h
′
θ−1h
′
θ+1 · · ·h
′
i−1h
′
i · · ·h
′
j−1h
′
j+1 · · ·h
′
mh
′
j for some p
′
4 ∈ F
∗ by Re-
mark 3.3. It is contradiction. Then p˜h′
θ
,h′j
= 1 for all θ ∈ {1, . . . , i − 1}, we obtain
p˜h′
θ
,h′i···h
′
j−1
= 1 for all θ ∈ {1, . . . , i−1} byAssertion(j− i). We know h′1 · · ·h
′
j−1h
′
j+1 · · ·h
′
m
∈ L(V ) by induction hypotheses. If p˜h′j ,h′i···h′j−1 6= 1, then h
′
1 · · ·h
′
j−1h
′
j+1 · · ·h
′
mh
′
j ∈ L(V )
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by [WZZ15a, Lemma 4.12], h1h2 · · ·hm = p1 · · ·pm−j+i−1p
′
5h
′
1 · · ·h
′
j−1h
′
j+1 · · ·h
′
mh
′
j for
some p′5 ∈ F
∗ by Remark 3.3. It is a contradiction. Then p˜h′j ,h′i···h′j−1 = 1.
(2◦) If there exists r ∈ Aij such that p˜h′α,hr = 1 for all α ∈ {i+1, . . . , j}, then p˜h′i,hr 6= 1
by Assertion(j− i), we know p˜h′i···h′j ,hr 6= 1, it is a contradiction to Assertion(j− i).
Thus exists α ∈ {i+ 1, . . . , j} such that p˜h′α,hr 6= 1 for all r ∈ Aij , we obtain
h′i+1 · · ·h
′
jh
′
j+1 · · ·h
′
m ∈ L(V ) by induction hypotheses.
Set {r1, · · · , rβ, l1, · · · , lη} = {τ
m−j+i−1(2), . . . , τm−j+i−1(i − 1)} with r1 < · · · <
rβ , l1 < · · · < lη such that p˜h′i,hrk 6= 1 and p˜h′i,hlξ = 1 for all k ∈ {1, . . . , β}, all
ξ ∈ {1, . . . , η}. Then h′l1 · · ·h
′
lr
h′i+1 · · ·h
′
m ∈ L(V ) for all r ∈ {1, . . . , η} and h
′
r1
· · ·h′rth
′
i ∈
L(V ) for all t ∈ {1, . . . , β} by induction hypotheses. If p˜h′i,h′1 6= 1, then p˜h′l1 ···h
′
lη
h′i+1···h
′
m,h
′
1
6=
1 and p˜h′r1 ···h
′
rβ
h′i,h
′
1
6= 1 by Assertion(j− i). Then h′1h
′
r1
· · ·h′rβh
′
ih
′
l1
· · ·h′lηh
′
i+1 · · ·h
′
m ∈
L(V ) by Lemma 3.2(iii), h1 · · ·hm = p1 · · · pm−j+i−1h
′
1 · · ·h
′
m
= p1 · · · pm−j+i−1p
′
1h
′
1h
′
r1
· · ·h′rβh
′
ih
′
l1
· · ·h′lηh
′
i+1 · · ·h
′
m for some p
′
1 ∈ F
∗ by Remark 3.3. It
is a contradiction. We obtain p˜h′i,h′1 = 1. We obtain h
′
1h
′
l1
· · ·h′lηh
′
i+1 · · ·h
′
m ∈ L(V ) by
induction hypotheses. If β ≥ 1, then p˜h′r2 ···h
′
rβ
h′i,h
′
r1
6= 1 and p˜h′1h′l1 ···h
′
lη
h′i+1···h
′
m,h
′
r1
6= 1 by
Assertion(j− i). then h′r1h
′
r2
· · ·h′rβh
′
ih
′
1h
′
l1
· · ·h′lηh
′
i+1 · · ·h
′
m ∈ L(V ) by Lemma 3.2(iii).
h1h2 · · ·hm = p1 · · · pm−j+i−1p
′
2h
′
r1
h′r2 · · ·h
′
rβ
h′ih
′
1h
′
l1
· · ·h′lηh
′
i+1 · · ·h
′
m for some p
′
2 ∈ F
∗ by
Remark 3.3. It is contradiction. Then β = 0. η = i−2, i.e. p˜h′i,h′r = 1 for all r ∈ {1, . . . , i−
1}. So p˜h′i+1···h′j ,h′r = 1 for all r ∈ {1, . . . , i− 1} by Assertion(j− i). Assumed that there
exists θ ∈ {j + 1, . . . , m} such that p˜h′
θ
,h′i
6= 1. If p˜h′i,h′1···h′i−1h′i+1···h′jh′j+1···h′θ−1h′θ+1···h′m = 1,
then p˜h′i,h′1···h′i−1h′i+1···h′m 6= 1, h
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
m ∈ L(V ) is clear by induction hypothe-
ses. then h′ih
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
m ∈ L(V ) by [WZZ15a, Lemma 4.12]. h1h2 · · ·hm =
p1 · · · pm−j+i−1p
′
3h
′
ih
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
m for some p
′
3 ∈ F
∗ by Remark 3.3. It is contradic-
tion. If p˜h′i,h′1···h′i−1h′i+1···h′jh′j+1···h′θ−1h′θ+1···h′m 6= 1, h
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
jh
′
j+1 · · ·h
′
θ−1h
′
θ+1 · · ·h
′
m ∈
L(V ) is clear by induction hypotheses. Then h′ih
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
jh
′
j+1 · · ·h
′
θ−1h
′
θ+1 · · ·h
′
mh
′
θ
∈ L(V ) by Lemma 3.2(iii). h1h2 · · ·hm
= p1 · · ·pm−j+i−1p
′
4h
′
ih
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
jh
′
j+1 · · ·h
′
θ−1h
′
θ+1 · · ·h
′
mh
′
θ for some p
′
4 ∈ F
∗ by
Remark 3.3. It is contradiction. Then p˜h′
θ
,h′i
= 1 for all θ ∈ {j + 1, . . . , m}, we obtain
p˜h′
θ
,h′i+1···h
′
j
= 1 for all θ ∈ {j+1, . . . , m} byAssertion(j− i). We know h′1 · · ·h
′
i−1h
′
i+1 · · ·h
′
m
∈ L(V ) by induction hypotheses. If p˜h′i,h′i+1···h′j 6= 1, then h
′
ih
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
m ∈ L(V )
by [WZZ15a, Lemma 4.12], h1h2 · · ·hm = p1 · · · pm−j+i−1p
′
5h
′
ih
′
1 · · ·h
′
i−1h
′
i+1 · · ·h
′
m for some
p′5 ∈ F
∗ by Remark 3.3. It is a contradiction. Then p˜h′i,h′i+1···h′j = 1.
Step 3. We obtainAssertion(0) by Step 1 and 2. i.e. p˜h
τm−2(i),hr
= 1 and p˜h
τm−2(i),hr
6=
1 for all r ∈ Aii. It is a contradiction.
(iv) We know d(h1h2 · · ·hm) is connected by Lemma 3.4(iii). If h1 · · ·hm−1 or h2 · · ·hm ∈
L(V ), it is clear. Now we assumed that h1 · · ·hm−1 /∈ L(V ) and h2 · · ·hm /∈ L(V ).
Step 1. Let the largest integer j − i + 1 such that hτ1(i)hτ1(i+1) · · ·hτ1(j) ∈ L(V ) and
h1h2 · · ·hm−1 = p1hτ1(1)hτ1(2) · · ·hτ1(m−1) for some p1 ∈ F
∗, all τ1 ∈ T1,2,...,m−1, it is clear
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j − i+ 1 < m− 1.
Assumed there exists r ∈ {i, i+1, . . . , j}, t ∈ {1, . . . , i− 1, j+1, . . . , m− 1} such that
p˜hτ1(r),hτ1(t) 6= 1.
If t ≤ i − 1, by i1 we denote the largest integer t, then p˜hτ1(r1),hτ1(t1) = 1 for all
r1 ∈ {i, i+ 1, . . . , j}, i1 < t1 < i. We know hτ1(i1+1) · · ·hτ1(i−1)hτ1(i) · · ·hτ1(j)
= p2hτ1(i) · · ·hτ1(j)hτ1(i1+1) · · ·hτ1(i−1) for some p2 ∈ F
∗ by Remark 3.3 and hτ1(i1)hτ1(i) · · ·hτ1(j)
∈ L(V ) by (iii), h1h2 · · ·hm−1
= p1hτ1(1) · · ·hτ1(i1)hτ1(i1+1) · · ·hτ1(i−1)hτ1(i) · · ·hτ1(j)hτ1(j+1) · · ·hτ1(m−1)
= p1p2hτ1(1) · · ·hτ1(i1)hτ1(i) · · ·hτ1(j)hτ1(i1+1) · · ·hτ1(i−1)hτ1(j+1) · · ·hτ1(m−1). It is a contradic-
tion.
If t ≥ j + 1, by j1 we denote the smallest integer t, then p˜hτ1(r2),hτ1(t2) = 1 for all
r2 ∈ {i, i+ 1, . . . , j}, j < t2 < j1. We know hτ1(i) · · ·hτ1(j)hτ1(j+1) · · ·hτ1(j1−1)
= p3hτ1(j+1) · · ·hτ1(j1−1)hτ1(i) · · ·hτ1(j) for some p3 ∈ F
∗ by Remark 3.3 and hτ1(i) · · ·hτ1(j)hτ1(j1)
∈ L(V ) by (iii), h1h2 · · ·hm−1
= p1hτ1(1) · · ·hτ1(i−1)hτ1(i) · · ·hτ1(j)hτ1(j+1) · · ·hτ1(j1−1)hτ1(j1) · · ·hτ1(m−1)
= p1p3hτ1(1) · · ·hτ1(i−1)hτ1(j+1) · · ·hτ1(j1−1)hτ1(i) · · ·hτ1(j)hτ1(j1) · · ·hτ1(m−1). It is a contradic-
tion.
Thus all r ∈ {i, i+1, . . . , j}, t ∈ {1, . . . , i−1, j+1, . . . , m−1} such that p˜hτ1(r),hτ1(t) = 1.
We know h1h2 · · ·hm−1
= p1hτ1(1) · · ·hτ1(i−1)hτ1(i) · · ·hτ1(j)hτ1(j+1) · · ·hτ1(m−1)
= p1p4hτ1(i) · · ·hτ1(j)hτ1(1) · · ·hτ1(i)hτ1(j+1) · · ·hτ1(m−1) for some p4 ∈ F
∗ by Remark 3.3. Set
τ2 =
(
m− 1 − j + i · · · m − 1 1 · · · i − 1 i · · · m− 2 − j + i
τ1(i) · · · τ1(j) τ1(1) · · · τ1(i− 1) τ1(j + 1) · · · τ1(m − 1)
)
We obtain h1h2 · · ·hm−1 = p1p4hτ2(m−1−j+i) · · ·hτ2(m−1)hτ2(1)hτ2(2) · · ·hτ2(m−2−j+i)
:= p1p4u1hτ2(1)hτ2(2) · · ·hτ2(m−2−j+i).
Step 2. Let the largest integer j2−i2+1 such that hτ3τ2(i2)hτ3τ2(i2+1) · · ·hτ3τ2(j2) ∈ L(V )
and hτ2(1)hτ2(2) · · ·hτ2(m−2−j+i) = p5hτ3τ2(1)hτ3τ2(2) · · ·hτ3τ2(m−2−j+i) for some p5 ∈ F
∗, all
τ3 ∈ Tτ2(1),τ2(2),...,τ2(m−2−j+i).
If j2 − i2 + 1 = m − 2 − j + i, set u2 := hτ2(1)hτ2(2) · · ·hτ2(m−2−j+i). If j2 − i2 + 1 <
m−2−j+i, the method of Step 1 on h1h2 · · ·hm−1 we apply to hτ2(1)hτ2(2) · · ·hτ2(m−2−j+i).
Step by step, we obtain h1h2 · · ·hm−1 = p0hτ(1)hτ(2) · · ·hτ(m−1)
= p0(hτ(1) · · ·hτ(k1))(hτ(k1+1) · · ·hτ(k2)) · · · (hτ(kr+1) · · ·hτ(m−1)) := p0u1u2 · · ·ur+1 for
some p0 ∈ F
∗, τ ∈ T1,2,...,m−1, r ≥ 1 and p˜hτ(s) ,hτ(t) = 1 for all hτ(s) ∈ d(ui), hτ(t) ∈ d(uj)
with all i 6= j ∈ {1, 2, . . . , r + 1}. We know there exists hτ(s) ∈ d(uj) such that
p˜hτ(s) ,hτ(m) 6= 1 for all j ∈ {1, 2, . . . , r + 1} since d(h1h2 · · ·hm) is connected. Then there
exist τ
′
∈ Tτ(k1+1),...,τ(k2),...,τ(m), p
′
0 ∈ F
∗ such that hτ ′τ(k1+1) · · ·hτ ′τ(k2) · · ·hτ ′τ(m) ∈ L(V )
and hτ(k1+1) · · ·hτ(k2) · · ·hτ(m) = p
′
0hτ ′τ(k1+1) · · ·hτ ′τ(k2) · · ·hτ ′τ(m) by (ii) and (iii). It is
clear hτ ′τ(1) · · ·hτ ′τ(2) · · ·hτ ′τ(k1) = hτ(1) · · ·hτ(2) · · ·hτ(k1).
We know there exists τ
′′
∈ Tτ ′τ(1),τ ′ τ(2),...,τ ′τ(m), p
′′
0 ∈ F
∗ such that hτ ′τ(1)hτ ′τ(2) · · ·hτ ′τ(m)
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= p
′′
0hτ ′′τ ′τ(1)hτ ′′τ ′τ(2) · · ·hτ ′′τ ′τ(m) with hτ ′′τ ′τ(1)hτ ′′τ ′τ(2) · · ·hτ ′′τ ′τ(m−1) ∈ L(V ),
p˜h
τ
′′
τ
′
τ(k)
,h
τ
′′
τ
′
τ(m)
6= 1 for some k ∈ {1, . . . , m− 1} or with hτ ′′τ ′τ(2)hτ ′′τ ′τ(3) · · ·hτ ′′τ ′τ(m) ∈
L(V ), p˜h
τ
′′
τ
′
τ(l)
,h
τ
′′
τ
′
τ(1)
6= 1 for some l ∈ {2, . . . , m} by (ii). Then h1h2 · · ·hm
= p0hτ(1)hτ(2) · · ·hτ(m) = p0p
′
0hτ ′τ(1)hτ ′τ(2) · · ·hτ ′τ(m) = p0p
′
0p
′′
0hτ ′′τ ′τ(1)hτ ′′τ ′τ(2) · · ·hτ ′′τ ′τ(m).
It is proved. ✷
Proposition 3.7. If h1h2 · · ·hm 6= 0. Then h1h2 · · ·hm ∈ L(V ) if and only if d(h1h2 · · ·hm)
is connected.
Proof. The sufficiency is clear by Lemma 3.4. The necessity. We show this by in-
duction on m. If d(h1 · · ·hm−1) or d(h2 · · ·hm) is connected, then h1 · · ·hm−1 ∈ L(V )
or h2 · · ·hm ∈ L(V ) by induction hypotheses. We know ∃1 ≤ k ≤ m − 1 such that
p˜hk,hm 6= 1 or ∃2 ≤ l ≤ m such that p˜hl,h1 6= 1 since d(h1h2 · · ·hm) is connected. Then
h1h2 · · ·hm ∈ L(V ) by Proposition 3.6(iii). If d(h1 · · ·hm−1) and d(h2 · · ·hm) is not con-
nected, then h1 · · ·hm−1 /∈ L(V ) and h2 · · ·hm /∈ L(V ) by induction hypotheses. Similar
to the proof of Proposition 3.6(iv), we obtain hτ ′′τ ′τ(1)hτ ′′τ ′τ(2) · · ·hτ ′′τ ′τ(m−1) ∈ L(V ) or
hτ ′′τ ′τ(2)hτ ′′τ ′τ(3) · · ·hτ ′′τ ′τ(m) ∈ L(V ), h1h2 · · ·hm = p0p
′
0p
′′
0hτ ′′τ ′τ(1)hτ ′′τ ′τ(2) · · ·hτ ′′τ ′τ(m)
and p˜h
τ
′′
τ
′
τ(k)
,h
τ
′′
τ
′
τ(m)
6= 1 for some k ∈ {1, . . . , m − 1} or p˜h
τ
′′
τ
′
τ(l)
,h
τ
′′
τ
′
τ(1)
6= 1 for some
l ∈ {2, . . . , m}, where p
′′
0 ∈ F
∗, τ
′′
∈ Tτ ′τ(1),τ ′ τ(2),...,τ ′τ(m). It is proved by Proposition
3.6(iii). ✷
Corollary 3.8. If u 6= 0 is homogeneous elements in B(V ), Then d(u) is connect if and
only if u ∈ L(V ).
Remark 3.9. u 6= 0 in Corollary 3.8 was necessary. If pxi,xjpxj ,xi = 1, i 6= j, then
xixj /∈ L(V ) and xjxi /∈ L(V ), but xixj − pxi,xjxjxi = 0 ∈ L(V ).
Corollary 3.10. If 0 6= u =
∑
i
ui ∈ B(V ), deg(ui) 6= deg(uj) if i 6= j, Then d(ui) for ∀i
is connect if and only if u ∈ L(V ).
Proof. The necessity. If ∃ui 6= 0 and d(ui) is not connect,then ui /∈ L(V ) by Lemma
3.4(iii), moreover, if w ∈ L(V ) and deg(ui) = deg(w), then w = 0 by Lemma 3.4(i). We
know deg(ui) 6= deg(uj) if i 6= j, then u = ui +
∑
j 6=i
ui /∈ L(V ), it is a contradiction. ✷
Corollary 3.11. If B(V ) is connected Nichols algebra of diagonal type with dim V = 2
and ∆(B(V )) is an arithmetic root system, then B(V ) = F ⊕ L(V ). In particular, set
N := ord(q), for (i). A2, i.e. p11 = p22 = q, p12p21 = q
−1, dim(L(V )) = N3 − 1; for
(ii). B2, i.e. p11 = q
2, p22 = q, p12p21 = q
−2, dim(L(V )) = N4 − 1 if N is a odd,
dim(L(V )) = N
4
4
− 1 if N is a even; for (iii). C2, i.e. p11 = q, p22 = q
2, p12p21 = q
−2,
dim(L(V )) = N4 − 1 if N is a odd, dim(L(V )) = N
4
4
− 1 if N is a even; for (iv).
G2, i.e. p11 = q, p22 = q
3, p12p21 = q
−3, dim(L(V )) = N6 − 1 if 3 does not divide N ,
dim(L(V )) = N
6
27
− 1 if 3 does divide N .
12
Corollary 3.12. If u 6= 0 and v 6= 0 are homogeneous elements in L(V ), Then ∃xi ∈
d(u), xj ∈ d(v) such that pijpji 6= 1 if and only if uv, vu ∈ L(V ).
Theorem 3.13. The set {[u1]
k1 [u2]
k2 · · · [us]
ks | [ui] ∈ D, ki, s ∈ N0; 0 ≤ ki < hui ; 1 ≤
i ≤ s; us < us−1 < · · · < u1, d([u1]
k1 [u2]
k2 · · · [us]
ks) is connect ,
s∑
i=1
ki > 0} is a basis of
L(V ) while B(V ) is Nichols algebra of diagonal type with dimV ≥ 2.
Assumed thatB(V ) is connected Nichols algebra of diagonal type with dimV > 2 and
∆(B(V )) is an arithmetic root system. The generalized Dynkin diagram corresponding
to {x1, x2, . . . , xn} determine a unique Nichols algebras ,up to isomorphism ,by [He05,
Prop 2.6.1] and [AS02, Prop 3.9]. Then Sub-diagram depends on {xi, xi+1, . . . , xj}, i ≤
j determine a Sub-Nichols algebras B(V )i,j. L(V )i,j denote the braided Lie algebras
generated by {i, i + 1, . . . , j} in B(V )i,j under Lie operations [x, y] = yx − pyxxy, for
any homogeneous elements x, y ∈ B(V )i,j. Let B(V )
∗
i,j = {x | x ∈ B(V )i,j, x /∈ F}.
Denote Li,j := dim(L(V )i,j), Bi,j := dim(B(V )
∗
i,j) = dim(B(V )i,j)−1. It is clear B(V ) =
B(V )∗1,n + F . Set Li,j := 0, Bi,j := 0 while i > j. C
n
m = 0 while n > m.
Proposition 3.14. Assumed that B(V ) is connected Nichols algebra of diagonal type with
dim V > 2 and ∆(B(V )) is an arithmetic root system. The following hold.
(i) If the corresponding generalized Dynkin diagram (omit fixed parameter) is
• • • • • •· · · · · · · · · · · ·
1 2 3 n-2 n-1 n
then Li,j = Bi,j −
j−2∑
k=i
Li,kBk+2,j +
j−3∑
k=i
Li,kBk+3,j
= Bi,j −
j−2∑
k=i
Bi,kLk+2,j +
j−3∑
k=i
Bi,kLk+3,j for all 1 ≤ i ≤ j ≤ n. In particular, L1,n =
B1,n −
n−3∑
i=1
L1,i(Bi+2,n − Bi+3,n)− L1,n−2Bn,n.
(ii) If the corresponding generalized Dynkin diagram (omit fixed parameter) is
• • • •
•
•
· · · · · · · · · · · · ✏
✏
✏
✏
P
P
P
P
1 2 n - 3 n - 2
n - 1
n
then L1,n = B1,n − L1,n−3Bn−1,n −
n−4∑
i=1
L1,i(Bi+2,n − Bi+3,n)−Bn−1,n−1Bn,n.
Proof. (i) If u is a basis of B(V ) and d(u) is not connect, then u exists in some Nichols
algebras corresponding to the following generalized Dynkin diagram(omit fixed parame-
ter):
• • • • • • •· · · · · · · · · · · ·
1 3 4 5 n-2 n-1 n
• • • • • • •· · · · · · · · · · · ·
1 2 4 5 n-2 n-1 n
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• • • • • • •· · · · · · · · · · · ·
1 2 3 5 n-2 n-1 n
· · · · · · · · · · · · · · · · · ·
• • • • • • •· · · · · · · · · · · ·
1 2 3 4 5 n-2 n
We know B(V )∗1,i−1 ⊆ B(V )
∗
1,i,B(V )
∗
i+2,n ⊆ B(V )
∗
i+1,n for all i ∈ {2, . . . , n − 2}.
If there exists u ∈ B(V )∗1,i − B(V )
∗
1,i−1 and u /∈ L(V )1,i − L(V )1,i−1, then u is not
connect already. Thus we use (L1,i − L1,i−1)Bi+2,n instead of (B1,i − B1,i−1)Bi+2,n for all
i ∈ {2, . . . , n− 2}. We have 2 choice for ∀1 ≤ i ≤ j ≤ n.
Li,j = Bi,j − (Li,iBi+2,j + (Li,i+1 − Li,i)Bi+3,j + · · ·+ (Li,j−2 − Li,j−3)Bj,j)
= Bi,j −
j−3∑
k=i
Li,k(Bk+2,j − Bk+3,j)− Li,j−2Bj,j
= Bi,j −
j−2∑
k=i
Li,kBk+2,j +
j−3∑
k=i
Li,kBk+3,j.
L′i,j = Bi,j − (Bi,i(L
′
i+2,j − L
′
i+3,j) + · · ·+Bi,j−3(L
′
j−1,j − L
′
j,j) +Bi,j−2L
′
j,j)
= Bi,j −Bi,iL
′
i+2,j −
j−3∑
k=i
(Bi,k+1 − Bi,k)L
′
k+3,j
= Bi,j −
j−2∑
k=i
Bi,kL
′
k+2,j +
j−3∑
k=i
Bi,kL
′
k+3,j.
We prove Li,j = L
′
i,j by induction on r = j − i. If r = 2, Li,j = Bi,j −Li,iBi+2,j, L
′
i,j =
Bi,j −Bi,iL
′
i+2,j. We know Li,j = Bi,j, L
′
i,j = Bi,j if r = 0 or 1 and pijpji 6= 1 by Corollary
3.11, then Li,j = L
′
i,j = Bi,j − Bi,iBi+2,j. Assumed that Li,j = L
′
i,j hold for all r, now we
consider the case of r + 1.
L′i,j = Bi,j −
j−2∑
k=i
Bi,kL
′
k+2,j +
j−3∑
k=i
Bi,kL
′
k+3,j −→ Lk+2,j = L
′
k+2,j , Lk+3,j = L
′
k+3,j −→
= Bi,j −
j−2∑
k=i
Bi,k(Bk+2,j −
j−2∑
k1=k+2
Lk+2,k1Bk1+2,j +
j−3∑
k1=k+2
Lk+2,k1Bk1+3,j)
+
j−3∑
k=i
Bi,k(Bk+3,j −
j−2∑
k1=k+3
Lk+3,k1Bk1+2,j +
j−3∑
k1=k+3
Lk+3,k1Bk1+3,j)
= Bi,j −
j−2∑
k=i
Bi,kBk+2,j +
j−2∑
k=i
Bi,k
j−2∑
k1=k+2
Lk+2,k1Bk1+2,j −
j−2∑
k=i
Bi,k
j−3∑
k1=k+2
Lk+2,k1Bk1+3,j
+
j−3∑
k=i
Bi,kBk+3,j −
j−3∑
k=i
Bi,k
j−2∑
k1=k+3
Lk+3,k1Bk1+2,j +
j−3∑
k=i
Bi,k
j−3∑
k1=k+3
Lk+3,k1Bk1+3,j
= (Bi,j −
j−2∑
k=i
Bi,kBk+2,j +
j−3∑
k=i
Bi,kBk+3,j) + (
j−2∑
k=i
Bi,k
j−2∑
k1=k+2
Lk+2,k1Bk1+2,j)− (
j−2∑
k=i
Bi,k
·
j−3∑
k1=k+2
Lk+2,k1Bk1+3,j)− (
j−3∑
k=i
Bi,k
j−2∑
k1=k+3
Lk+3,k1Bk1+2,j)+(
j−3∑
k=i
Bi,k
j−3∑
k1=k+3
Lk+3,k1Bk1+3,j)
:= (1′) + (2′)− (3′)− (4′) + (5′). On the other hand,
Li,j = Bi,j −
j−2∑
k=i
Li,kBk+2,j +
j−3∑
k=i
Li,kBk+3,j −→ Li,k = L′i,k −→
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= Bi,j −
j−2∑
k=i
(Bi,k −
k−2∑
k1=i
Bi,k1L
′
k1+2,k
+
k−3∑
k1=i
Bi,k1L
′
k1+3,k
)Bk+2,j
+
j−3∑
k=i
(Bi,k −
k−2∑
k1=i
Bi,k1L
′
k1+2,k
+
k−3∑
k1=i
Bi,k1L
′
k1+3,k
)Bk+3,j
= (Bi,j −
j−2∑
k=i
Bi,kBk+2,j +
j−3∑
k=i
Bi,kBk+3,j) + (
j−2∑
k=i
k−2∑
k1=i
Bi,k1Lk1+2,kBk+2,j)− (
j−2∑
k=i
k−3∑
k1=i
Bi,k1·
Lk1+3,kBk+2,j)− (
j−3∑
k=i
k−2∑
k1=i
Bi,k1Lk1+2,kBk+3,j) + (
j−3∑
k=i
k−3∑
k1=i
Bi,k1L
′
k1+3,k
Bk+3,j)
:= (1) + (2)− (3)− (4) + (5).
2 =
j−2∑
k=i
k−2∑
k1=i
Bi,k1Lk1+2,kBk+2,j
=
j−2∑
k=i
(Bi,iLi+2,kBk+2,j + · · ·+Bi,k−2Lk,kBk+2,j)
= Bi,iLi+2,i+2Bi+4,j + (Bi,iLi+2,i+3Bi+5,j +Bi,i+1Li+3,i+3Bi+5,j)
+ · · ·+ (Bi,iLi+2,j−2Bj,j +Bi,i+1Li+3,j−2Bj,j + · · ·+Bi,j−4Lj−2,j−2Bj,j)
= Bi,i
j−2∑
k1=i+2
Li+2,k1Bk1+2,j +Bi,i+1
j−2∑
k1=i+3
Li+3,k1Bk1+2,j + · · ·+Bi,j−4Lj−2,j−2Bj,j)
=
j−4∑
k=i
Bi,k
j−2∑
k1=k+2
Lk+2,k1Bk1+2,j
=
j−2∑
k=i
Bi,k
j−2∑
k1=k+2
Lk+2,k1Bk1+2,j = 2
′.
Similarly, 3 = 4′, 4 = 3′, 5 = 5′. It is proved.
(ii) L1,n = B1,n−(L1,1B3,n+(L1,2−L1,1)B4,n+ · · ·+(L1,n−4−L1,n−5)Bn−2,n+(L1,n−3−
L1,n−4)Bn−1,n−1 + (L1,n−3 − L1,n−4)Bn,n + (L1,n−3 − L1,n−4)Bn−1,n−1Bn,n +Bn−1,n−1Bn,n)
= B1,n−
n−5∑
i=1
L1,i(Bi+2,n−Bi+3,n)−L1,n−4Bn−2,n− (L1,n−3−L1,n−4)(Bn−1,n−1+Bn,n+
Bn−1,n−1Bn,n)−Bn−1,n−1Bn,n
= B1,n − L1,n−3Bn−1,n −
n−4∑
i=1
L1,i(Bi+2,n − Bi+3,n)− Bn−1,n−1Bn,n.
✷
Now we give the dimensions of L(V ) if V is a connected finite Cartan type with Cartan
matrix (aij)n×n. Denote that N := ord(q).
Example 3.15. For F4. • • • •
1 2 3 4
q2 q2 q qq−2 q−2 q−1
, q ∈ F ∗/{1,−1}.
If N is a odd, dimL(V ) = N24 − 1− (N − 1)(N3 − 1)− (N3 −N)(N − 1);
If N is a even, dimL(V ) = N
24
212
− 1− (N
2
− 1)(N3 − 1)− ((N
2
)3 − N
2
)(N − 1).
Proof. We know d(uv) = d(u) ∪ d(v). If u ∈ D, then d(u) is connected by Corollary
3.8. Consider u, v ∈ D, u < v, d(uv) is not connect if and only if the two conditions:
• • • • • •and
1 3 4 1 2 4
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d(u) = {x1}, d(v) ⊆ {{x3}, {x3, x4}, {x4}} and d(u) ⊆ {{x1}, {x1, x2}, {x2}}, d(v) =
{x4}. Situation d(u) = {x1}, d(v) = {x4} appeared twice. We know pu,u = q
2, pv,v = q. If
N is a odd, dimL(V ) = N24−1− (N −1)(N3−1)− (N3−1)(N −1)+ (N −1)(N −1) =
N24 − 1− (N − 1)(N3 − 1)− (N3 −N)(N − 1), the other is clear. ✷
Example 3.16. Denote an,Nk :=
nk−1−2∑
nk=2(j−k)+1
(N
C2nk−1−nk−N
C2nk−1−nk−1) for all k ∈ {1, . . . , j},
where n0 := n.
(i) For An, n > 2: • • • • •· · · · · · · · · · · ·
1 2 3 n-1 n
q q q q qq−1 q−1 q−1 , q ∈ F ∗/{1}.
dimL(V ) =
int(n−1
2
)∑
j=0
an,N1 a
n,N
2 · · · a
n,N
j (−1)
j(N
C2nj+1 − 1).
(ii) For Bn, n > 2: • • • • • •· · · · · · · · · · · ·
1 2 3 n-2 n-1 n
q2 q2 q2 q2 q2 qq−2 q−2 q−2 q−2
, q ∈ F ∗/{1,−1}.
If N is a odd, dimL(V ) = Nn
2
−1−
n−2∑
i=1
int( i−1
2
)∑
j=0
ai,N1 a
i,N
2 · · · a
i,N
j (−1)
j(N
C2ij+1−1)(N (n−i−1)
2
−
N (n−i−2)
2
);
If N is a even, dimL(V ) = N
n2
2n(n−1)
− 1 −
n−2∑
i=1
int( i−1
2
)∑
j=0
a
i,N
2
1 a
i,N
2
2 · · · a
i,N
2
j (−1)
j((N
2
)
C2ij+1 −
1)( N
(n−i−1)2
2(n−i−1)(n−i−2)
− N
(n−i−2)2
2(n−i−2)(n−i−3)
).
(iii) For Cn, n > 2: • • • • • •· · · · · · · · · · · ·
1 2 3 n-2 n-1 n
q q q q q q2q−1 q−1 q−1 q−2
, q ∈ F ∗/{1,−1}.
If N is a odd, dimL(V ) = Nn
2
−1−
n−2∑
i=1
int( i−1
2
)∑
j=0
ai,N1 a
i,N
2 · · · a
i,N
j (−1)
j(N
C2ij+1−1)(N (n−i−1)
2
−
N (n−i−2)
2
);
If N is a even, dimL(V ) = N
n2
2n
−1−
n−2∑
i=1
int( i−1
2
)∑
j=0
ai,N1 a
i,N
2 · · · a
i,N
j (−1)
j(N
C2ij+1−1)(N
(n−i−1)2
2n−i−1
−
N(n−i−2)
2
2n−i−2
).
(iv) For Dn, n > 2: • • • •
•
•
· · · · · · · · · · · · ✟
✟
✟
❍
❍
❍
1 2 n - 3 n - 2
n - 1
n
q q q q
q
q
q−1 q−1
q−1
q−1
, q ∈ F ∗/{1}.
dimL(V ) = Nn
2−n − 1 −
n−3∑
i=1
int( i−1
2
)∑
j=0
ai,N1 a
i,N
2 · · ·a
i,N
j (−1)
j(N
C2ij+1 − 1)(N (n−i−1)(n−i−2) −
N (n−i−2)(n−i−3))− (N − 1)2.
Proof. (i) L1,n = B1,n − L1,n−2Bn,n −
n−3∑
n1=1
L1,n1(Bn1+2,n − Bn1+3,n)
= NC
2
n+1 − 1−
n−2∑
n1=1
L1,n1(N
C2n−n1 −NC
2
n−n1−1)
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= NC
2
n+1−1+
int( i−1
2
)∑
j=1
(
n−2∑
n1=2(j−1)+1
(NC
2
n−n1 −NC
2
n−n1−1)(
n1−2∑
n2=2(j−2)+1
(NC
2
n1−n2 −NC
2
n1−n2−1)
· · · (
nj−1−2∑
nj=1
(N
C2nj−1−nj −N
C2nj−1−nj−1)(−1)j(N
C2nj+1 − 1)) · · · ))
=
int(n−1
2
)∑
j=0
an,N1 a
n,N
2 · · · a
n,N
j (−1)
j(N
C2nj+1 − 1) by Proposition 3.14.
(ii) , (iii) is similar to (i).
(iv) L1,n = B1,n − L1,n−3Bn−1,n −
n−4∑
i=1
L1,i(Bi+2,n −Bi+3,n)− Bn−1,n−1Bn,n
= B1,n − L1,n−3(N
2 − 1)−
n−4∑
i=1
L1,i(N
(n−i−1)(n−i−2) −N (n−i−2)(n−i−3))− (N − 1)2
= B1,n −
n−3∑
i=1
L1,i(N
(n−i−1)(n−i−2) −N (n−i−2)(n−i−3))− (N − 1)2
= Nn
2−n−1−
n−3∑
i=1
int( i−1
2
)∑
j=0
ai,N1 a
i,N
2 · · ·a
i,N
j (−1)
j(N
C2ij+1−1)(N (n−i−1)(n−i−2)−N (n−i−2)(n−i−3))−
(N − 1)2 by Proposition 3.14. ✷
Example 3.17. (i) For E6: • •
•
• • •
1 2 3
6
4 5
q q
q
q q qq
−1 q−1
q−1
q−1 q−1 , q ∈ F ∗/{1}.
dimL(V ) = N36 − 1− (N − 1)(N10− 1)− (N3− 1)(N4− 1)− (N − 1)(N3− 1)− (N10 −
1)(N − 1)+ (N − 1)(N4− 1)+ (N − 1)N3(N − 1)+ (N4− 1)(N − 1)− (N − 1)N(N − 1).
(ii) For E7: • • •
•
• • •
1 2 3 4
7
5 6
q q q
q
q q qq
−1 q−1 q−1
q−1
q−1 q−1
, q ∈ F ∗/{1}.
dimL(V ) = N63 − 1 − (N − 1)(N20 − 1) − (N3 − 1)(N10 − 1) − (N6 − 1)(N4 − 1) −
(N − 1)(N3 − 1) − (N15 − 1)(N − 1) + (N − 1)(N10 − 1) + (N − 1)N(N4 − 1) + (N −
1)N6(N − 1)+ (N3− 1)(N4− 1)+ (N3− 1)N3(N − 1)+ (N7− 1)(N − 1)− (N − 1)(N4−
1)− (N − 1)N3(N − 1)− (N − 1)N2(N − 1)− (N3 − 1)N(N − 1) + (N − 1)N(N − 1).
(ii) For E8: • • • •
•
• • •
1 2 3 4 5
8
6 7
q q q q
q
q q qq
−1 q−1 q−1 q−1
q−1
q−1 q−1
, q ∈ F ∗/{1}.
dimL(V ) = N120 − 1 − (N − 1)(N36 − 1) − (N3 − 1)(N20 − 1) − (N6 − 1)(N10 − 1) −
(N10 − 1)(N4 − 1) − (N − 1)(N3 − 1) − (N21 − 1)(N − 1) + (N − 1)(N20 − 1) + (N −
1)N(N10 − 1) + (N − 1)N3(N4 − 1) + (N − 1)N10(N − 1) + (N3 − 1)(N10 − 1) + (N3 −
1)N(N4 − 1) + (N3 − 1)N6(N − 1) + (N6 − 1)(N4 − 1) + (N6 − 1)N3(N − 1) + (N11 −
1)(N − 1)− (N − 1)(N10− 1)− (N − 1)N(N4− 1)− (N − 1)N6(N − 1)− (N − 1)N(N4−
1)− (N − 1)N4(N − 1)− (N − 1)N4(N − 1)− (N3 − 1)(N4 − 1)− (N3 − 1)N3(N − 1)−
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(N3 − 1)N2(N − 1)− (N6 − 1)N(N − 1) + (N − 1)(N4 − 1) + (N − 1)N3(N − 1) + (N −
1)N2(N − 1) + (N − 1)N2(N − 1) + (N3 − 1)N(N − 1)− (N − 1)N(N − 1).
Proof. (ii). See the following Sub-diagram:
• •
•
• • •
1 3
4
(1)
7
5 6
, • •
•
• • •
1 2
4
(2)
7
5 6
, • • •
•
• •
1 2 3
7
(3)
5 6
, • • •
•
• •
1 2 3
4
(4)
7
6
,
•
•
• • •
1
4
(12)
7
5 6
, • •
•
• •
1 3
(13)
7
5 6
, • • •
•
•
1 2 3
7
(34)
6
, • •
•
• •
1 2
4
(24)
7
6
,
• •
•
• •
1 3
4
(14)
7
6
, • •
•
• •
1 2
(23)
7
5 6
, •
•
• •
1
7
(123)
5 6
, •
•
• •
1
4
(124)
7
6
,
• •
•
•
1 3
(134)
7
6
, • •
•
•
1 2
(234)
7
6
, •
•
•
1
7
(1234)
6
We know dimL(V ) = B1,7 − (1)− (2)− (3)− (4) + (12) + (13) + (14) + (23) + (24) +
(34)− (123)− (124)− (134)− (234) + (1234)
= B1,7 −B1,1B3,7 −B1,2B4,7 −B1,3((B7,7 + 1)(B5,6 + 1)− 1)−B7,7B5,6 −B12347B6,6 +
B1,1B4,7+B1,1(B3,3+1)((B7,7+1)(B5,6+1)−1)+B1,1(B347+1)B6,6+B1,2((B7,7+1)(B5,6+
1)− 1) + B1,2(B47 + 1)B6,6 + ((B1,3 + 1)(B7,7 + 1)− 1)B6,6 − B1,1((B7,7 + 1)(B5,6 + 1)−
1)− B1,1(B47 + 1)B6,6 − B1,2((B3,3 + 1)(B7,7 + 1))B6,6 − B1,2(B7,7 + 1)B6,6 + B1,1(B7,7 +
1)B6,6. The definition of B12347 is similar to B1,7, only need to change {x1, x2, . . . , x7} to
{x1, x2, x3, x4, x7}.
(i) and (iii) are slmilar to (ii). ✷
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